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Abstract. We define a new eUiptic genus on the complex bordism ring. With co- 
efficients in Z[l/2], we prove that it induces an isomorphism of the complex bordism 
ring modulo the ideal which is generated by all differences P(i?) — ¥{E*) of projective 
bundles and their duals onto a polynomial ring on 4 generators in degrees 2, 4, 6 and 
8. As an alternative geometric description of ^p, we prove that it is the universal genus 
■ which is multiplicative in projective bundles over Calabi-Yau 3-folds. With the help of 

I the g-expansion of modular forms we will see that for a complex manifold M, the value 

ip{M) is a holomorphic Euler characteristic. We also compare tp with Krichever-Hohn's 
complex elliptic genus and see that their only common specializations are Ochanine's 
elliptic genus and the Xy-genus. 
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1. Introduction 



A problem in the theory of bordism and genera that has led to a number of important 
works in the past is the determination of the quotient of a bordism ring by a geometrically 
• defined ideal. We explain this with the help of some examples. 

. In the 1980's, S. Ochanine defined the ideal Iqc in the oriented bordism ring nf"" to 

be generated by all projectivizations ¥{E) of complex vector bundles E of even rank. 
Then Ochanine's Theorem [13] states that the quotient (^Q,^^ /Iqc) Q is isomorphic to 
a polynomial ring Q[(5, e] in two formal variables 6 and e of degrees 4 and 8. Amazingly, 
the genus, i.e. ring homomorphism, tpoc from Q to Q[6,e\ which induces this 
. isomorphism is closely related to a family of elliptic functions. Indeed, with the help of 

I Hirzebruch's correspondence between formal power series and genera - see section [3] for 

ly-^ ■ more details - Ochanine's genus ^poc, respectively its logarithmic power series gipociv) 



defined via the elliptic integral 



o: , r dt 

This is the reason why the genus (poc is called an elliptic genus. 

Shortly after the introduction of Ochanine's genus, results of S. Ochanine |14) and C. 
r> . Taubes [17] showed that Ochanine's elliptic genus ^poc in fact is the universal genus which is 

■ multiplicative in fiber bundles of spin manifolds with structure group a compact connected 

Lie group. 

In order to discuss multiplicativity in the complex bordism ring f]^, one defines the 
ideal in Vt^ to be generated by differences E — B ■ F, where F ^ E ^ B ranges 
over all fiber bundles of stably almost complex manifolds with structure group a compact 
connected Lie group. Then it turns out that the Xy-gsnus induces an isomorphism of 
graded Q-algebras 

{9FjM'^)®q^q[si,s2] , 

where si = Xy(CP^) and S2 = Xyi^P"^) can be regarded as formal variables of degrees 
2 and 4, [8l p. 64]. Essentially, this result was already proven in the early 1970's by G. 
Lusztig, C. Kosniowski, and M.F. Atiyah and F. Hirzebruch, [7", p. 69]. 
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The starting point of this paper is the definition of a certain subideal of . Namely, 
we define the ideal in to be generated by difi^erences W{E) — ¥{E*), where E ^ B 
ranges over ah complex vector bundles over stably almost complex bases B and E* denotes 
the dual bundle of E. Clearly, the above definition gives a subideal oi and we raise 
the question of determining this ideal, respectively the quotient /Z^ , at least rationally. 
Equivalently, we call a genus (p dualization invariant if 

holds for all complex vector bundles E and raise the question of determining the universal 
dualization invariant genus on Q. In order to solve the above problem, we will in 
Definition 13 . 1 1 define a new genus ip from the rational complex bordism ring to a polynomial 
ring over Q in four variables qi,q2,Q3 and q4 in degrees 2,4,6 and 8 via the logarithmic 
power series 

dt 

VTTqItTq2^Tq^^Tq^ ' 
Since a genus on the complex bordism ring descends to a genus on the oriented bordism ring 
if and only if its logarithmic power series is odd, we see that by definition, ip is a natural 
generalization of Ochanine's elliptic genus ipoc to the complex bordism ring. Therefore, 
and since the logarithm is an elliptic integral, I like to think of ^ as a complex elliptic 
genus, which also explains the title of this paper. However, in the literature the term 
complex elliptic genus is already reserved for Krichever-Hohn's complex elliptic genus and 
so we rather use the neutral term if) -genus for the new genus. 

The main result of this paper then solves the problem, raised above, with coefficients 
in Z[l/2] rather than Q, which is clearly a stronger statement: 

Theorem 14.11 The ijj-genus restricted to 'L[l/2\ induces the following isomorphism 

of graded rings: 

{n'i/Z^) ® Z [1/2] ^ Z [1/2] [gi, g2, 93, qi] ■ 

At this point, let us briefly discuss the obvious notion of dualization invariance in 
the oriented bordism ring. To begin with, note that a hermitian metric on a complex 
vector bundle E induces a complex antilinear isomorphism E ^ E* . This induces a 
diffeomorphism between ¥(E) and ¥(E*) which is easily seen to be orientation reversing 
if and only if rk(£') is even. This explains that after inverting 2 in the oriented bordism 
ring, Ochanine's ideal Iqc equals the ideal which is generated by differences ¥{E) — ¥{E*) 
in rif^ Z[l/2]. Since Ochanine's theorem also holds with coefficients in Z[l/2], see 
|12) . we obtain a new interpretation of Ochanine's result: Ochanine's elliptic genus (poc 
is the universal dualization invariant genus on (8) Z[l/2]. In view of Theorem 14. H 
this uncovers another close relationship between Ochanine's elliptic genus and the new 
V'-genus. 

With slightly more effort, one also proves that after inverting 2, Ochanine's elliptic 
genus is the universal dualization invariant genus on the spin bordism ring. This result is 
not included here, but can be found in the author's Master Thesis |l5j . 

As mentioned earlier, another complex version of Ochanine's elliptic genus, namely 
Krichever-Hohn's complex elliptic genus (pxH, has already been studied in detail in the 
past. G. Hohn in [8j and I. Krichever in |l_lj showed that this genus is the universal genus 
on the rational bordism ring of SfZ-manifolds, which is multiplicative in fiber bundles of 
SCZ-manifolds with compact connected structure group. In particular, we observe that 
both elliptic genera known so far, ipoc as well as ^pkh, can be described in terms of 
multiplicativity and it is natural to aslu whether there is a similar description for the new 
genus ip. Our answer is: 




This question was posed to me by B. Totaro. 
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Theorem 15.11 The ifj-genus is the universal genus on the rational complex hordism ring 
which is multiplicative in projectivizations F{E) of complex vector bundles E ^ B over 
Calabi-Yau 3-folds B. 

In view of the above Theorem, one might conjecture that the '(/'-genus is muhiphcative 
in ah fiber bundles over Calabi-Yau 3-folds with structure group a compact connected Lie 
group. This is one direction for future research. 

Historically, the comparison of projectivizations P(i?) and W{E*) in Vl^ arose first from 
the observation that they are diffeomorphic. Choosing E ^ B iohe & holomorphic vector 
bundle over a complex base B, we therefore obtain a huge family of examples of two 
possibly different complex structures P(£') and P(S*) on the same underlying smooth 
manifold. For instance, in [10] D. Kotschick and S. Terzic compared the Chern numbers 
(which are complex bordism invariants) of the projective tangent P(TCP") and cotangent 
bundle P(T*CP") of the complex projective n-space. For n = 3 they found - see table 
[1] in section [6]- that precisely the Chern numbers different from C5, C1C4, cfcs and C2C3 
differ on P(rCP^) and P(r*CP^). This shows firstly that the two complex structures 
are different, and secondly that the Chern numbers cf, cfc2 and cic| are not invariant 
under diffeomorphisms. On the other hand, this concrete calculation raises the question 
of determining those linear combinations of Chern numbers that are dualization invariant, 
i.e. whose value on P(£^) and P(£'*) always coincides. In section [6] we explain that 
by Theorem 14.11 the vector space of dualization invariant linear combinations of Chern 
numbers in complex dimension n is isomorphic to the dual space of the degree 2n part 
of Q[(7i, (72i ^4]- Moreover, as examples of pure Chern numbers which are dualization 
invariant we find: 

Proposition 16.11 In complex dimension n, the Chern numbers Cn, Cic„-i, c\cn-2 o^nd 
C2Cn-2 o,Te dualization invariant. 

Before Kotschick and Terzic's calculations in |10) . F. Hirzebruch studied the Chern 
numbers of the projective tangent and cotangent bundle P(Ti?) and P(T*i?) of Calabi- 
Yau 3-folds i? in [6] and showed that in the following identity holds for all Calabi-Yau 



P(rB) + ¥{T*B) = 2- By. CP^ . 

In section [71 inspired by this observation, we define for every nontrivial triple of integers 
(a, 6, c) the ideal X^^ ^ in to be generated by linear combinations 

a ■ F{E) + b ■ ¥{E*) + c- Bx CP^ , 

where E ^ B is some complex vector bundle of rank k + 1. Rationally this ideal coincides 
with the whole bordism ring whenever a + 6 + c 7^ holds, so that we restrict ourselves to 
the case a + 6 + c = 0. In order to state our result, we denote the localization Z[l/n] of Z 
at a nontrivial element n E Z by Let us also recall that the images si and S2 of CP^ 
and CP^ under the Xy-genus can be regarded as formal variables in degrees 2 and 4. 

Theorem 17.11 Let (a, b, c) be a nontrivial triple of integers with a + 6 + c = 0. 
(1) For c = the i{j-genus induces an isomorphism 



In this introduction we already explained that it was proven in the 1970's that rationally 
the quotient is a polynomial ring in two variables si and S2 of degrees 2 and 4. 

Although it might be known to some experts that the same is true integrally, this result is 



3-folds B: 




(2) For c 7^ the XyQsnus induces an isomorphism 
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not contained in the literature so far. With the help of the second statement in Theorem 
\7.1\ we close this gap here: 

Corollary 17.11 The Xj/-5enus induces the following isomorphism of graded rings: 

n^/M^ ^Z[si,S2] . 

In section [HI we compare our ^/^-genus with Krichever-Hohn's complex elliptic genus 
ifKH and see that they are genuinely different. More precisely: 

Proposition 18. IL Let R be an integral (^-algebra and ip an R-valued genus which factors 
through both ip and ipKH ■ Then ip already factors through Xy or ipoc ■ 

By definition of "0! the coefficients of the characteristic power series Q^{x) of ip are 
families of modular forms, and in section [9] we will use the g-expansion of modular forms 
in order to give an alternative description of the power series Q^{x). For a complex 
manifold M, this will allow us in Proposition 19.21 to interpret tl){M) as the holomorphic 
Euler characteristic of a certain vector bundle associated to the tangent bundle of M. 

At the end of this introduction, let us remark the following: In the definition of the 
ideals and X^^ ^ the involved bundles E ranged over all complex vector bundles over 
stably almost complex bases. However, since all concrete examples we will use in the proofs 
of Theorems 14.11 and 17.11 involve holomorphic bundles over algebraic bases, the Theorems 
still hold true if one defines the above ideals in the more restrictive algebraic category. 

Outline. In section [2] we recall some basic facts about the complex bordism ring and 
compute the total Chern class, as well as the Thom-Milnor number of projectivizations 
W{E) of complex vector bundles E. In section [3] we introduce and study first properties 
of the ^-genus, and in section |3] we prove the main result of this paper. Theorem 14.11 In 
section [5] we give the proof of Theorem 15. 11 and in section [6] we study dualization invariant 
Chern numbers. In section [7] we prove Theorem 17.11 and in section [8] we compare with 
Krichever-Hohn's complex elliptic genus (fxH- Finally, only using the results of section [Sj 
we discuss the g-expansion of V' in section [9l 

Conventions. The following conventions are used throughout this paper: All manifolds 
are compact, oriented and smooth, if not mentioned otherwise. The evaluation of a top 
degree cohomology class uj of some oriented manifold M on the fundamental class [M] is 
denoted by Jj^ji^- However, as long as we do not specify the coefficients, all cohomology 
groups we are investigating will have coefficients in Z. Moreover, for a mixed degree 
cohomology class u G H* (M) , the integral uj denotes the evaluation of the top degree 
component of a; on the fundamental class [M]. 

2. Projectivizations in the complex bordism ring 

2.1. Description of the complex bordism ring following Milnor and Novikov. 

The complex bordism ring Qf{ is the bordism ring of closed stably almost complex mani- 
folds modulo boundaries of compact stably almost complex manifolds. This ring is graded 
by the real dimension of manifolds and the ring structure is induced by the disjoint union 
and Cartesian product of manifolds. In order to explain the structure of 0^, let us recall 
that the Thom-Milnor number Sm{M) of a closed stably almost complex manifold M in 
real dimension 2m is defined by 

s^{M):= [ j^wT , (2.1) 

where wi, . . . ,Wp denote the Chern roots of M. By the splitting principle, Chern roots are 
formal cohomology classes of degree 2, so that the total Chern class of M equals ni(l+^«)- 
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Since SmiM) is symmetric in the Wi''s, it is a polynomial expression in the elementary 
symmetric polynomials mwi, . . . , Wp, which are the Chern classes of M. Therefore, Sm{M) 
is a certain linear combination of Chern numbers of M. The following structure Theorem 
is due to J. W. Milnor and S. P. Novikov [Ml p. 117 and 128]: 

Theorem 2.1. Two stably almost complex manifolds represent the same element in fl^ 
if and only if all their Chern numbers coincide. Moreover, 17^ is a polynomial ring 
Z[xi,X2,X5, . . .] where Xm has degree 2m and a sequence {xm)m>i ^^^^ £ ^2m ^-^ ^ 
basis sequence if and only if 



zizp if m + 1 is a power of the prime p, 
±1 if m + 1 is not a prime power. 



As an example, let us recall that the complex projective space CP™ has the nontrivial 
Thom-Milnor number SmCCP™") = m + 1, so that Theorem 12. II implies: 

«> Q = Q [cp\ cp^ cp^ . . .] . (2.2) 

2.2. The cohomology ring and total Chern class of projectivizations. By Theorem 
12. H in order to understand an element in the complex bordism ring we need to know its 
Chern numbers. In this subsection we therefore discuss the cohomology ring and total 
Chern class of projectivizations of complex vector bundles. 

Consider some complex rank k vector bundle E ^ B over a stably almost complex 
base B. We denote the associated projectivization, a stably almost complex CP'^~^-fiber 
bundle, by tt : P(£^) — )• B. Let S — )• P(£') be the tautological line bundle and write y for 
the first Chern class of the dual bundle S* . Then y restricted to every fiber F = <CP^^^ of 
vr is a generator of the cohomology ring H*{F) with fp,y''-^ = I. Thus, the Leray-Hirsch 
theorem yields for the cohomology ring of ¥{E): 

H*{F{E)) = H*{B)[y]/(y'' + c,iE)y'^-' + ... + Ck{E)) , (2.3) 



where Ci{E) denotes the i-th Chern class of E. By this identity, we will always regard 
H*{B) as a subring in H*(¥{E)). Therefore, the pullback of a class oj £ H*{B) to 
H*{W>{E)) is also denoted by uj. 

By the above description, a general top degree cohomology class of ¥'{E) has the form 
OJ ■ with u} G H*{B) and some exponent m > 0. In the following Lemma we explain 
how to reduce explicitly to the case of fixed exponent m = /c — 1, which is the complex 
dimension of the fiber of T{E). In order to state this result (which, using a different 
terminology, can also be found in O p. 47]), we denote the total Chern class of E by c{E) 
and its multiplicative inverse in H*{B) (sometimes called Segre class) by s{E). 

Lemma 2.1. Let oj € H*{B) be a cohomology class of the base of fixed degree and m > 
an integer such that w-y"* is a top degree cohomology class of¥{E). Then uj-y"'' coincides 
with the top degree component of uj • s{E) • y^^^. 

Proof. Since uj has fixed degree and because of s{E) ■ c{E) = 1, the following identity holds 
for the top degree components of these cohomology classes: 

m _ ,,, . _ ,,, . . . 



Each nontrivial summand of the top degree part of the right hand side of this equation 
must contain a factor y^ with j > k — 1, since uj ■ s{E) ■ c{E) is a cohomology class of 
the base and the fiber has complex dimension k — 1. Moreover, from ()2.3p it follows that 
(^i^) ' J2j>o V'' vanishes in degrees > k. Together, this shows that the top degree part of 
UJ ■ s{E) ■ c{E) ■ Ylj>oy'^ equals the top degree part of uj ■ s{E) ■ y^~^, which proves the 
Lemma. □ 
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In order to calculate the total Chern class of P(-E'), we first need to investigate its 
tangent bundle TF{E). This bundle splits into TF{E) = ■k*TB Tvr, where Tvr denotes 
the tangent bundle along the fibers of vr : P(£') — t- B. The bundle Tvr is a complex 
vector bundle over P(£'), whose restriction to every fiber F of tt is the tangent bundle of 
F = CP^~^. This bundle is canonically isomorphic to ilom{S , tt* E / S) = S* {'k*E/S), 
where again S — )• P(£') denotes the tautological line bundle. Since S* ® S is the trivial 
line bundle C, this yields: 

Ttt e c ^ (5* {■K*E/s)) e (5* ®s)^s* ® {{■K*E/s) e s) , 

such that 

r7reC^cS*(g)7r*£^ (2.4) 

follows. By the splitting principle, we may factorize the total Chern class of E formally 
into a product (1 + xi) • • • (1 + x^), where the Xj denote the Chern roots of E. Since 
Chern classes are stable classes, equation (j2.4p implies, see also [U p. 514]: 

k 

c{Ttt) = c{S* ® Tr*E) =Yl{l + y + Xi) . 

i=l 

This identity together with the splitting T¥(E) = ■n*TB ® Ttt and the Whitney sum 
formula then yields the following Lemma: 

Lemma 2.2. Let E ^ B be a complex rank k vector bundle over some stably almost 
complex base B. Denote the Chern roots of B (i.e. those of the tangent bundle TB) by 
wi, . . . ,Wn and those of E by xi, . . . ,xi^. Then the total Chern class of¥{E) is given by 

n k 

c(P(^)) = Ylil + w,) ■l[{l + y + Xi) , (2.5) 

j=i i=i 

where y = ci{S*) denotes the first Chern class of the dual bundle of the tautological line 
bundle S F{E). 

2.3. The Thom-Milnor number of projectivizations. In this subsection we explain 
how to calculate the Thom-Milnor number of projectivizations and use this to calculate 
this number for some examples. 

Lemma 2.3. Let E be a complex rank k vector bundle, k >2, with Chern roots xi, . . . ,Xk 
over a stably almost complex manifold B in real dimension 2n. Then the projectivization 
¥{E) has real dimension 2m := 2(n + k — \) and its Thom-Milnor number Sm(^{E)) is 
given by: 



r-i_+...+rk=n 



r.l- M W xl'---xl' , 



where the sum ranges over all partitions ri, . . . ,rfc ofn. Moreover, we have the following: 

sm{nE)) = {-irsminE*))- 

Proof. First of all it is clear that ¥(E) has real dimension 2(n + k — l). In order to calculate 
the Thom-Milnor number Sm(F{E)), we denote the Chern roots of B hy wi, . . . ,Wn and 
the first Chern class of the dual bundle of the tautological line bundle over ¥(E) by 
y e H'^{F{E)). Then ([23]) implies 



SminE)) 



„ / n k \ 
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By assumptions, we have n < m and we note that every symmetric expression in the u)j's 
and xi's of degree > 2n vanishes because of dim^{B) = 2n. This yields: 



In the next step, we use Lemma l2.ll and note that the inverse cohomology class s{E) of 
c{E) is given by 

— E i-^iV' ■ ■ ■ i-^kr^ ■ 

Furthermore, we use our convention that only the top degree part is integrated, as well as 
the fact that y^~^ integrated over the fibers of P(£^) equals 1: 




k 



,(-irEE E ■')(-' 

^ 1=1 ii=0 ji,...,jk>0 ^ ^ 



For fixed Z, we now collect all summands which contain the same monomial in the Xj's and 
obtain: 

k 



I • • • • xl^ 



smim)) = [ i-iTT. E E (r)(-^) 

1=1 r-i,...,rfc>0 \ii=0 ^ 

Using the elementary identity 

together with the fact that only the top degree part is integrated, this shows: 

k 



" ' -^k ' 



ri+...+rfc=n 1=1 

as claimed in the Lemma. Finally, Smi^iE)) = {—l)"sm0^iE*)) follows directly from this 
formula since the Chern roots of E* are given by —xi, . . . , —Xk- □ 

In the proofs of Theorem l4.1l and Theorem 17. II in sections [Hand [7] respectively we need to 
construct some special basis sequences of the complex bordism ring. These constructions 
will be based on the following two examples: 

Example 2.1. Letm > n + 1 be natural numbers andn = 11 + 12 a partition ofn. Consider 
B := CP*^ X denote the projections of B onto its factors by vri and 1^2 o,nd define 

the holomorphic vector bundle 

E:=<(0(l))e7r2*(0(l))eC'"-"-^ , 

where 0(1) denotes the dual bundle of the tautological line bundle and C the trivial line 
bundle. Then the Thom-Milnor number Sm{^{E)) equals: 

i-ir ■ (i-ir (" r ^) + (-i)- h~ V m - n - 1) . (2.6) 
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Proof. By construction, the bundle E has 2 non- vanishing Chern roots xi and X2, where 
for I = 1,2 the root xi is the pullback vr^* 01(0(1)) of a positive generator of H*{CP^''). 
Therefore, because of dimensions, in the formula of Lemma 12.31 onlv the summand with 
I"! = ii, ^2 = ^2 and rj = for j > 3 survives. Finally, the Kiinneth formula yields 
f^x^^x^2 — which proves (j2.6p . □ 

Example 2.2. Let m > n + 2 he natural numbers and n = ii + 12 + i-i a partition of n. 
Consider B := CP*^ x CP*^ x CP*^, denote the projections of B onto its factors by tti, ^2 
and TTa and define the holomorphic vector bundle 

E := 7r*(0(l)) e 7r*(0(l)) ^1(0(1)) C™-"-^ , 

where 0(1) denotes the dual bundle of the tautological line bundle over the respective 
complex projective space. Then the Thom-Milnor number Smi^{E)) equals: 

(-ir- I ( > :(-irM"\.'^') \+m-n-2 \ . (2.7) 





Proof. This calculation is completely analogous to the proof of Example 12.11 □ 

3. A NEW COMPLEX ELLIPTIC GENUS 

In this section we define the V'-genus, a new complex elliptic genus which in section H] 
will be shown to be the universal dualization invariant genus on the complex bordism ring 
where 2 is inverted. 

A genus is a ring homomorphism from some bordism ring (possibly with coefficients in 
a ring S) to another ring R. However, in this section we only consider genera on Q 
or rjf^ Q with values in some integral Q-algebra R. Here denotes the oriented 
bordism ring, i.e. the bordism ring of closed oriented manifolds modulo boundaries of 
compact oriented ones. The sum respectively product in f^f^ is induced by the disjoint 
union respectively the Cartesian product of manifolds and the grading is given by the real 
dimension of manifolds. According to R. Thom, after tensoring with the rationals, this 
ring is a polynomial ring with one generator in each degree mod 4 and a particular choice 
of generators is given by the complex projective spaces in even complex dimensions, see 

m- 

^]fO(^Q = Q[CP^cp^...] . 

Similarly, we saw in (|2.2p that Q equals the polynomial ring Q[CP^, CP^, . . .]. The 
forgetful map Q — s- ^if^ Q is nothing but the natural quotient map of these 
polynomial rings and we may think of the rational oriented bordism ring as a quotient of 
the rational complex one. 

Because of ()2.2p . a genus (p : Q — P is uniquely determined by its logarithm 

m=0 

and by Hirzebruch's correspondence between genera and power series, the map 1— s- 
induces (for any integral Q-algebra R) a bijection between P-valued genera and power 
series y + 0{y'^) G P[[y]], see [Tj. The genus (p is well-defined on the quotient Q.^^ Q 
if and only if its logarithm g^p is an odd power series. One of the most famous genera on 
rif*-^ Q is Ochanine's elliptic genus (poc with values in the polynomial ring Q[5, e], whose 
logarithm is defined to be the elliptic integral 

, , fy dt , , 

where 5 and e are formal variables of degrees 4 and 8, see [13]. Since g^^^ is an odd power 
series, this genus indeed is well-defined for oriented manifolds. We now give a natural 
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generalization of the definition of ipoc to a genus on the complex bordism ring whose 
logarithm need not to be an odd power series any more. 

Definition 3.1. Consider formal variables qi,q2,Q3 and of weights \qi\ = 2i. We define 
the ip-genus to be the genus ip : Vt^ (S) Q — > Q[^Zi, 92, ^Za, 94] whose logarithm equals 

, ^ r dt , , 

9^iy) = / , ^ • 

Jo VI + qit + q2t^ + qst^ + q^t^ 

We will also consider the above genus associated to elements 91,^2; 93, 94 of an integral 
Q-algebra R, which are not necessarily algebraically independent. This genus is simply 
the composition of ^/^ : fi^ (8> Q — 5- Q[qi, q2,q3, 94], where qi,q2, qs, q4 are regarded as formal 
variables, with the natural map to R. 

Let us now determine the image of ip in Q[qi, q2, q3,qi]- 

Lemma 3.1. The elliptic genus ip is surjective and the images of CP^ ,CP^ ,CP^ and 
CP^ form a Q-algebra basis of Q[qi,q2,q3,qi]. 



Proof. Directly from ()3.ip and (|3.3p we deduce: 

00 

g'^y) = E V'(CP"^)y'" = (1 + qiy + q2y' + qsy' + 94/)" 



m=0 

1 



Using the Taylor expansion of + 2 up to order 4, a straightforward calculation yields: 
^(Cpi) = -igi , (3.4) 

V^(CP2) = ^qf - \q2 , (3.5) 

V'(CP') = -^9? + \<ii(l2 - \qz , (3.6) 

V'(CP^) = - f/,q2 + Iql + \q^q, - \q. • (3.7) 

The Lemma now follows immediately. □ 

Let us consider an arbitrary genus : Q ^ R with logarithm gip. In order to 
calculate the value of (/? on a stably almost complex manifold, one needs to determine 
the Hirzebruch characteristic power series Qip{x) of (p, see [7j. This power series equals 
x/fip{x), where f^{x) is the formal inverse function of the logarithm g,p{x). Once we have 
determined Qip{x), we can compute the value of 99 on a stably almost complex manifold 
M with Chern roots wi, . . . , Wm via 



^{M)= Q^iwi) ■ . . . ■ Q^{w^) . (3.8) 
Jm 

As the top degree part of the above integrand is symmetric in the Chern roots, the right 
hand side in (|3.8|) is a certain i?-linear combination of Chern numbers which only depends 
on and dim(M). This shows that the right hand side in (j3.8p is well-defined. Let us 
now compute the characteristic power series of tp. 

Lemma 3.2. The characteristic power series of the ip-genus is given by Q^{x) = x-h^{x), 
where h^{x) = 1/x + 0{1) is uniquely determined via 

h'^{xf = P{h^{x)) where P{t) = t^ + qit^ + q2t^ + qst + q^ . (3.9) 

Proof. By definition, we have h^{x) = 1/ f^{x) = 1/x + 0(1), where is the inverse 
function of defined in p.3p . This implies g'^{f^i,{x)) = l//^(x). Using these identities, 
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3.9p follows from: 
h'Jxf 



h^{x)^ 



9'^ iUi^)) 

= h^{xf ■ (1 + qif^{x) + q2U{xf + qsUixf + QiUix)^) 

= h^{xf + qih^{xf + q2h,^{xf + qsh^ix) + q^ ■ 

Since we require h^{x) = 1/x + 0(1), it follows inductively that this differential equation 
determines the coefficients of uniquely. □ 

If the qiS are complex numbers such that the polynomial P in (|3.9p has four distinct 
roots, then the solution of (|3.9p is an elliptic function of degree two with respect to 
some lattice L C C pp. 452-455] and it will turn out in the proof of Theorem 14.11 
that this is crucial for the geometric behavior of if). In [71 p. 194] the following explicit 
description of this function, dedicated to R. Jung [9], is given: 



Lemma 3.3. Let qi, (72, 93 cmd q^ be complex numbers such that the polynomial P in \3. 9\) 
satisfies discr(P) 7^ and write P{t — qi/4:) = t^ + ^2^^ + qat + q^- Then there exists a 
lattice L C C with lattice constants g2{L) = qi + q^/'^'^ o-nd g^{L) = q'4q'2/6 — g|/16 — (72/2I6 
and a point z £ C\L with p{z) = —92/6 and p'{z) = q^i/A, where p{x) = p{L;x) is the 
Weierstrafi p- function for the lattice L. Moreover 

Mx) = -1-44^4^-^ (3.10) 

^ ' 2 p{x)-p{z) 4 ^ ^ 

is the unique solution of h'{x)'^ = P{h{x)) with h{x) = 1/x + 0(1). 

We would now like to give a description of the elliptic function h{x) in (|3.10p in terms 
of the Weierstrafi sigma function a{L,x) for the period lattice L of h. This is an entire 
function on C with zeros of order 1 at all lattice points, defined via (see [3 Appendix I]) 

a(L,x) = X TT (1 - -)e^/'^+3(^/'^)' , 

where we set L' := L\ {0}. As with lo, also —uj runs through all points of L' , a is an odd 
function. The cj-function is not elliptic, but for every collection of points ai, . . . , a„ and 
61, . . . , 6„ in C with Y2i — Yli bi^ the function ^(^Z^') is an elliptic function on C/L 
with divisor ^Ja,;] - ^J6j]. 

Lemma 3.4. With the notation of Lemma \3.3\ the function h{x) in \3.10\) is given by: 

= f + " , (3.11) 
a{x)a{x — z)a[w — z)a[—w) 

where a{x) denotes the Weierstrafi a-function with respect to the lattice L and w £ C\L 
is a point with 2 • ^ (^)+P (^) _ _„ _ 

Proof Let us first examine the divisor of the function h in ()3.10p : The Weierstrafi p- 
function for the lattice L is an even elliptic function of degree 2 and modulo L it has 
exactly one pole at the origin of order 2. Therefore, its derivative is an odd elliptic 
function of degree 3 which modulo L has exactly one pole at the origin of order 3. It 
follows that h has a pole of order one at x = and possibly poles at x = itz, where z 
is not a lattice point, since p{z) = —^2/6 is finite. Using the Taylor expansion of p(x) 
around z and —z shows that h always has a pole of order one in z and if it also has a pole 
in —z, then p'{z) vanishes. Since any zero z of p' has the property that 2 • z is a lattice 
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point, this already implies z = —z (mod L). This shows that h has poles precisely at 
and z, both of order one. Since the sum of the poles and zeros of an elliptic function is 
always mod L, the divisor of h equals 

div{K) = [w] + [z-w\- [0] - [z] , 

where w G C is a zero of /i, i.e. it is a point with 2 • p (^) _ _g, 

Since z is the pole different from and u; is a zero of h, the points 0, w and z are pairwise 
distinct modulo L. Therefore, (j[w — z)a{—w) does not vanish and the right hand side of 
()3.1ip is a well-defined elliptic function on C/L, whose divisor coincides with the divisor 
of h. Hence, both sides of ()3.1ip just differ by a multiplicative constant and because of 
a{x) = X + O(x^), we conclude 

a{x - w)a{x + w - z)a{-z) ^ 1 _^ ^ 
a{x)a{x — z)a{w — z)a{—w) x ' 
which means that the constant is one, as claimed in the Lemma. □ 

4. DUALIZATION INVARIANCE IN THE COMPLEX BORDISM RING 

In this section we turn to the main result of this paper, the determination of the following 
ideal: 

Definition 4.1. LetX^ he the ideal generated by differences ¥(E) — P(£'*) in , where 
E ^ B is a complex vector bundle over a stably almost complex manifold B, E* is its dual 
bundle and ¥{E) respectively ¥{E*) denote the corresponding projectivizations. 

Before we state our result, note that by Theorem 12 . II the bordism ring Q,^ ® Z[l/2] is 
a subring of the rational complex bordism ring and we may restrict the V'-genus (which a 
priori is only defined on 0^ Q) to this subring. 

Theorem 4.1. The ij)-genus restricted to Vt^ ® 'L[\/2] induces the following isomorphism 
of graded rings: 

(J^^/Jf^) Z [1/2] ^ 1 [1/2] [gi, (72, 93, Qa] ■ 

By Theorem l2.H the bordism ring 0^(8)Z [1/2] is a polynomial ring Z [1/2] [ai, q;2, Q^s, • ■ ■] 
with one generator Oj in each even degree 2i. Therefore, one consequence of Theorem 14.11 
is that one can choose these generators in such a way that 

X^®Z[l/2] = (a5,a6,...) (4.1) 

holds. In fact we will construct such generators explicitly in Proposition 14.11 

In order to state an equivalent formulation of Theorem 14. H let us call a genus ip du- 
alization invariant if for any complex vector bundle E over some stably almost complex 
base 

y,{F{E)) = ^{F{E*)) 

holds. Abstractly, the universal dualization invariant genus on the complex bordism ring 
with coefficients in Z[l/2] is nothing but the quotient map 

Of ® Z [1/2] ^ (n^/I^) ^ Z [1/2] , 

and by Theorem 14.11 we can identify this quotient map with ip. Moreover, Theorem 14.11 
implies the nontrivial fact that ^/^ restricted to Z [1/2] is a surjective genus 

^ : Z [1/2] ^ Z [1/2] [qi,q2,q3,q4] , 
and we obtain the following equivalent reformulation of Theorem 14.11 

Theorem 4.2. The genus ifj : ilf (8)Z[l/2] — )■ Z[l/2] [qi,q2,q3,q4] is the universal dual- 
ization invariant genus on (8) Z [1 /2] . 



12 



STEFAN SCHREIEDER 



Note that tensoring the isomorphism in Theorem 14.11 with the rationals shows that one 
can replace the coefficient ring Z[l/2] in Theorems 14.11 and 14.21 by Q. 

In the remainder of this section, the proof of Theorem 14.11 is carried out and to begin 
with we explain how to deduce Theorem 14.11 from the following two Propositions, which 
we win prove in subsections 14.11 and 14.21 respectively. 

Proposition 4.1. There is a sequence of ring generators {am)m>i /o'" (8)Z[l/2] such 
that a-m equals CP™ for m < 4 and a-m G for m > 5. 

Proposition 4.2. The t/j-genus is dualization invariant, i.e. it vanishes onT^ . 

Proof of Theorem \4.1\ Consider the basis sequence ai,a2, . . . of 0^(^Z[l/2] of Proposition 
14. H and think of the ijj-geims restricted to r2^(8)Z[l/2]. Since am G holds for all m > 5, 
Proposition 14.21 implies that factors through the quotient Z [1/2] [ai, 02, as, 04]- As ai 
up to a4 are just complex projective spaces in the respective dimensions, the concrete 
calculations (j3.4|) - (j3.7|) yield that the induced map 

Z[l/2][ai,a2,a3,a4] Q[gi, 92, 93, 94] 

is injective with image Z[l/2] [qi, (72, 93, 94] and it remains to prove that the kernel of ip 
equals Z[l/2]. The injectivity of the induced map shows 

keiiip) = (05,06, • • •> 

which by construction of the Oj's is contained in (8) Z[l/2]. Conversely, by Proposition 
14.21 the ideal (8) Z[l/2] is contained in the kernel of ip. Altogether this proves that 
ker(V') =1^ Z[l/2] holds, as desired. □ 

4.1. A special basis sequence. 

Proof of Proposition \4.1\ By Theorem 12.11 a sequence (am)m>i with Om £ ^2m®^[l/2] 
is a basis sequence of ^[1/2] if and only if the following holds: 

{±p • 2" for some o, if m + 1 is a power of the odd prime p, 
±2^* for some a, if m + 1 is not a power of an odd prime. 



Because of SmiCP"^) = m + 1, we may choose Om = CP™ for m = 1, 2, 3, 4. 

We define gcd(X^) to be the greatest common odd divisor of all Thom-Milnor numbers 
Smi^iE)) — Smi^{E*)), where — )• P is a holomorphic vector bundle from Example 12. II or 
I2.2l such that P(P) has complex dimension m. Then, in order to show that a basis sequence 
with the desired property exists, it is enough to show for m > 5 that gcd(X^) equals 1 if 
m + 1 is not a power of an odd prime and that it is equal to p if m + 1 is a power of the odd 
prime p. The difference P(P) — P(P*) only has a chance to be nontrivial if the complex 
dimension m of P(P) is bigger then the complex dimension n of the base manifold and 
in that case Sm(P(P)) = (-l)"sm(P(P*)) holds by Lemma ITSl This shows that gcd(X^) 
equals the greatest common odd divisor of all Thom-Milnor numbers Sm(P(P)), where 
n < m is odd and E is taken from Example 12.11 or 12.21 Using the calculations of Example 
12. 2| this shows the following: 

Claim 4.1. The number gcd(X^) defined above is an odd divisor of 

ffn—l\ , fm—\\ , fm—l\ , , 

n )+(-')•'( ) +(-!)- ( ,3 )+™-»-2. (4.2) 

where n = ii + i2 + is < rn — 2 is odd. 

For m > 5 we may choose ii = 12 = is = 1 in this claim and it follows that gcd(X^) is 
an odd divisor of — 3(m — 1) + m — 5 = — 2(m + 1). This implies that 

gcd(X^) divides m + 1 for m > 5 . (4.3) 
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Let us first consider tlie case of an odd integer m > 5. Using the calculation of Example 
2.11 with ii = and n = 12 = m — 2 (which is odd), it follows that gcd(X^) is an odd 
divisor of 

1 - + (m - (m - 2) - 1) = -m + 3 . 



— 2^ 

Together with ()4.3p this shows gcd(X^) = 1, as desired. 

It remains to deal with the case of an even integer m > 5. For any natural number 
1 <i < m/2 — 2 consider the two integers in (j4.2p . where (^1,^2)^3) is one of the triples 
(i, i,n — 2i) or (i — 1, i + 1, n — 2i) and n = m — 3 holds. By Claim ITTj subtraction of both 
integers and changing the sign of the result if necessary shows that gcd(X^) divides 

m — l\ fm — \\ (m — l\ /m — 1 
Then using the formula (^Zj) + ("fc"*^) = (fc) twice shows: 



gcdiX'ii,) divides ^ _^ ^ j l<i< m/2 - 2 . (4.4) 

Now suppose that p is an odd prime divisor of gcd(X^). Then, by (|4.3|) . we may write 
m + 1 = p^ ■ r for some s > 1 and an integer r not divisible by p. Suppose r 7^ 1. Then, 
since m is even, p and r are both > 3. This implies p^ — 1 < m/2 — 2, so that (|4.4p 
yields (^p/) = (mod p). This is a contradiction to {^pj") = r (mod p), which follows by 
comparing the coefficient of X^" in the mod p reduction of the following polynomial: 

{1 + X)P'-'- = {1+XP'Y (modp). 

Hence, m + 1 = p** is a power of p and it remains to prove that p"^ does not divide gcd(X^). 
If s = 1, then this follows from ()4.3p . If s > 2, then ()4.4p implies that gcd(X^) divides 
(pf_i). For < / < the numerator of the reduced fraction is not divisible by p. 
Therefore, 

pS \ pS p'^ - I p^ - (p*-l - 1) 



^pS 1 J pS 1 I pS 1 _ I 

is not divisible by p^. This finishes the proof of Proposition 14.11 □ 

4.2. The values of genera on projectivizations. In this subsection we prove Proposi- 
tion 221 The proof will make use of a similar strategy which S. Ochanine used in order to 
show that his elliptic genus (poc on the oriented bordism ring vanishes on projectivizations 
of complex vector bundles of even rank, see [13]. We first need the following Lemma: 



Lemma 4.1. Let ip : f]^ ® Q ^ R be a genus whose characteristic power series Qip{x) 
is written in the form x ■ h^[x). Consider a complex vector bundle E with Chern roots 
xi, . . . ,Xk over a stably almost complex manifold B with Chern roots wi,. . . ,Wn- Define 
H^p{xi^ . . . , Xfc) := Yl\=i rijyi ^tpi^j ~ ^i)- Then the following holds: 

(p(F{E)) = / Q^{wi) ■ . . . ■ Q^{wn) ■ H^{xi, . . . ,Xk) . 
Jb 

For genera on the oriented bordism ring S. Ochanine showed this Lemma in [13J in the 
proof of his Proposition 6, see also [7, p. 51]. The same proof works for Lemma l4.ll 

Proof of Lemma \4- 1\ By the calculation of the total Chern class of P(ii^) in (j2.5p . we 
obtain: 



ip{F{E))= Q^iwi) ■ . . . ■ Q^{wn) ■ Q^{y + xi) ■ . . . ■ Q^{y + Xk) , (4.5) 
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where y denotes the first Chern class of the dual bundle of the tautological line bundle 
over P(£^). Truncating the power series Q^p{x) above degree dimK(P(£')) does not change 
the value (p{f'{E)) and so we may assume that Qip{x) is a polynomial in x. 

In the following paragraph, we regard xi, . . . ,Xk and y as formal variables and work 
in the polynomial ring R[xi, . . . ,Xk][y]- Since JliLily + ^i) is a normalized polynomial 
in y, symmetric in the Xj's, division with remainder yields unique polynomials F and G, 
symmetric in the Xj's, such that Q,p{y + xi) • . . . • Qy,{y + x^) equals 

F{xi, ...,xk,y) + (rhy + ^«)^ ■ ^(^1' • • • ' ^fc' y) ' (4-6) 

where F has degree < k in y. Using Q^(0) = 1, this yields for z = 1, . . . , /c: 

F{xi, • • • , Xfc, Xj) — Qip{xj Xi) . 

We are now in the situation of having a polynomial of degree < k and knowing the value 
of this polynomial on k different points — xi, . . . , — x^. This determines F uniquely: 

fc X + 

F{xi,...,Xk,y) = Y,\{Q^{xj-Xi)^^^—^ . (4.7) 

i=i j^i 

Note that it in particular follows that the right hand side of the above equation, which a 
priori is an element in R{xi, . . . ,Xk)[y], in fact lies in -R[xi, . . . ,Xfc][y]. 

At this point we return to the original meaning of xi, . . . , x^ and y in the cohomology 
ring H*{¥{E)) and the equations (|4.7|) . as well as (|4.6p . still hold since they hold for formal 
variables. Because of the relation 

k 

lliy + x^) = / + c^{E)y^~^ + ... + Ck{E) = 

i=l 



in H*{¥{E)), gj]) yields in 



<p{¥{E))= Q^{wi)- ...■Q^{wn)-F{xi,...,xk,y) . (4.8) 

J¥{E) 

Since Q<^(wi) • . . . • Q^piwn) and every symmetric expression in xi, . . . , Xfc are cohomology 
classes of the basis B, only terms containing y^ for some I > k — 1 give a nontrivial 
contribution to the above integral. Furthermore, because F is a polynomial of degree < k 
and y^~^ integrated over each fiber of vr : ¥{E) — t- B gives 1, we get: 

ip(¥{E)) = / Q^{wi) ■ . . . ■ Q^{wn) ■ coefficient of y'^^Mn F(xi, ... ,Xfc,y) 
Jb l 

Now equation (|4.7p shows that the coefficient of y^~^ in F equals H^{xi, . . . Xk) and we 
are done. □ 



Proof of Proposition \4-^ Assume we have a complex vector bundle E over a stably almost 
complex manifold B. Denote the Chern roots of E by xi,...,Xfc and those of B by 
wi, . . . jWn- It suffices to prove ip{F{E)) = ip{F{E*)) and because of Lemma [4.11 and 
c{E*) = (1 — xi) • . . . • (1 — Xfc) it is enough to show that the expression 

H^ixi, . . . ,Xfc) - H^{-xi, -Xk) (4.9) 

vanishes, where H^(xi, . . . , x^) is defined to be Yli=i Tljjti ^tp{xj — Xi). In ()4.9p the Xj's 
are (formal) cohomology classes, but it is enough to prove this identity for formal variables 
xi, . . . , Xfc. Lemma [3.21 characterizes as the unique solution of (j3.9p and it follows from 
this description that the coefficients of are homogeneous polynomials in the variables 
gi, . . . ,(74. This implies that in equation (|4.9p each coefficient of an monomial in the Xj's 
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is a polynomial expression in qi,q2,Q3 and 54. To show that all these expressions vanish 
it is enough to see that they vanish for all {qi,q2,Q3,Q4:) in some open, nonempty subset 
U Q C^. We choose 

U := {{qi,q2,q3,q4:) \ discr(t^ + qit^ + q2t^ + qst + 0^4) ^ O} 

and fix some ((71,92,93,94) £ U. Now Lemmata 13.31 and 13.41 applv. i.e. there is a lattice 
L C C such that h^{x) is an elliptic function, explicitly given by 

^ ^ ^ a{x — w)a{x + w — z)a{—z) 
^ a{x)a{x — z)a{w — z)a{—w) ' 

where w,z £ C \ L are two modulo L distinct points. The fact that the WeierstraB a- 
function (t{x) = x + 0(x'^) is an odd, entire function on C with zeros precisely at all lattice 
points of L, yields the following three properties: 

(1) div(/i^) = [w] + [z-w]- [0] - [z] , 

(2) reso(/i^) = 1 and resz(/i^) = — 1 , 

(3) h^{x + z) = h^{-x) . 

To show that the expression ()4.9p vanishes for formal variables xi, . . . ,Xk, it is enough 
to show this for all (xi, . . . ,Xk) in some dense subset V C C*^. We choose V to be the 
subset consisting of all points (xi, . . . , Xfc) G C'^ such that for all i ^ j the elliptic functions 
h^{xi + x) and h^{xj + x) in x have no poles in common. Fixing such a tuple, we define 
the following elliptic function on C/L: 

k 

h^{x) := h^{xj + x) . 
i=i 

From the choice of (xi, . . . ,Xfc) it follows that has poles precisely of order one at the 
points —Xi and — Xj + z for i = 1,. . . ,k. According to one of Liouville's theorems the 
sum of the residues of an elliptic function vanishes. Using the properties [T]l3] of stated 
above, this yields: 

= ^ resxih^) 

k k 

= - Xi) - ^ - Xi + z) 

1=1 j^i i=l j^i 

k k 
= ^ JJ/l^(Xj - Xi) - ^ JJ/i^(-2;j + Xi) 

i=l jyti i=l j^i 

= H^{XI, ... ,Xk) - H^{-Xi, . . . , -Xk) . 

Thus ()4.9p vanishes, which completes the proof of Proposition 14.21 □ 



5. A DESCRIPTION OF Tp IN TERMS OF MULTIPLICATIVITY 

We defined a new elliptic genus, the so called V'- genus in section [3] and showed in section 
S] that this is the universal dualization invariant genus for complex manifolds. However, 
in the past it turned out that all elliptic genera, known so far, can be characterized by 
some universal multiplicativity property. Namely, Ochanine's elliptic genus is the universal 
multiplicative genus for spin manifolds and Krichever-Hohn's elliptic genus is the universal 
multiplicative genus for S'C/-manifolds. It is therefore natural to ask whether there is also a 
description of ^ in terms of multiplicativity. This section's theorem answers that question 
positively: 
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Theorem 5.1. The tp-genus is the universal genus on the rational complex hordism ring 
which is multiplicative in projectivizations F{E) of complex vector bundles E ^ B over 
Calabi-Yau 3-folds B. 

Proof. Let us define the ideal / in 0^ to be generated by differences 

¥{E) - B X CP^-^ , 

where E ^ B is a complex vector bundle of rank k > over some Calabi-Yau 3-fold B 
(i.e. i? is a compact Kahler manifold with vanishing first Chern class). Since we already 
know that ■0 is surjective (Lemma 13. ip . it remains to prove that the kernel of -0 coincides 
with I Q. 

Claim 5.1. There is a sequence of ring generators 71,72, ■ ■ ■ of fi^ (8) Q, such that 7^ = 
CP™ holds for all m < 4 and 7^ G / for all m > 5. 

Proof. It is clear that for m < 4 the element 7^ := CP™ is a generator. In order to 
construct 7^ for m > 5, we pick some elliptic curve C and consider the Calabi-Yau 3- fold 
B := C^. For some point p on C we consider the line bundle 0{p) — t- C, associated to the 
divisor \p]. Let us denote the projection of B onto its factors by vri, tt2 and vrs, and consider 
the complex line bundle L := 7rJO(p) (g) 1^2^ {p) ® ■kZ,0{p). Since ci{0{p)) integrated over 
the elliptic curve C equals the degree of the divisor [p], which is 1, we obtain: 



ci{LY= / (7rJci(0(p)) + ^2*ci(0(p)) + ^3Ci(0(p)))' 

B JB 

6 • vrjci(0(p)) • ^2*ci(0(p)) • vr^ci(0(p)) = 6 

B 

Let us now define for every m > 5 the vector bundle Em := L ® C™~^ B. Then the 
Chern roots of Em are: xi = ci(L) and x; = for I > 2. Therefore, in the formula for 
Sm(P(-E'm)) in Lemma 12.31 onlv the summand with ri = 3 and r; = for I > 2 survives. 
This yields: 

Sm{nEm)) = -[-{^~^'^ +(m-3)^ - 6 = (m-4)(m-3)(m + l) . 

Since the Thom-Milnor number of a proper product always vanishes, this implies that for 
all m > 5 the element 7™, := P(Sm) — B x <CP"^~^ is a generator of il^ (g) Q in degree 2m. 
This completes the proof of Claim 15.11 □ 

Claim 5.2. The genus ip : (8) Q — )• Q[^i, ^2, Qs, Q4] vanishes on I 

Proof Let E-^ B be some complex vector bundle of rank k with Chern roots xi, . . . , Xf^ 
over a Calabi-Yau 3- fold B with Chern roots wi,W2,W3. It suffices to prove 

V'(P(S)) = tpiB) ■ i){CP^'^) . 

Lemma 14.11 yields 

'4){¥{E)) = j Q^{wi)Q^{w2)Q^{wz) ■ H^{xi,. . . ,Xk) , (5.1) 

JB 

where only the degree dimK(P) = 6 part is integrated. 

We have shown in the proof of Proposition 14.21 that the expression in (|4.9p : 

H^{xi, ... ,Xk) - H^{-xi, ... , -Xk) , 

vanishes for all Xj. This implies that the even cohomology class H^{xi, . . . , x^) is zero in all 
degrees = 2 (mod 4). Therefore, only the degree and degree 4 part of H^{xi, . . . , x^) give 
a nontrivial contribution to (j5.ip . However, the degree 2 part of Q^{wi)Q^{w2)Q^{w^) is 
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some multiple of ci{B), which vanishes by assumption. This shows that only the degree 
part of H^{xi, . . . ,Xk) contributes non trivially in ()5.ip . This implies: 

iP{nE))= [ Q4wi)Q^{w2)Q^{w3)-H^{0,...,0) . 

JB 

But Lemma [4.11 shows that the right hand side of the above equation equals ip(P{C'')) and 
Claim 15.21 follows, since the projectivization of the trivial bundle C'^ is nothing but the 
product B X CP''-^. □ 

It now follows from Claim 15.11 and 15.21 that tp induces a map 

Q[7i,---,74] ^Qtei,---,94] . 

By Lemma 13.11 this map is an isomorphism, since 7m = CP"* holds for m < 4. The 
injectivity of this map implies 

ker(V') = (75,76,...) ^I®Q . (5.2) 

Together with Claim 15.21 this shows ker('0) = I Q, which finishes the proof of the 
theorem. □ 

6. DUALIZATION INVARIANT ChERN NUMBERS 

By Theorem 12.11 the Q-linear combinations of Chern numbers in complex dimension 
n form the dual space of ® Q- I^i this section we use Theorem 14.11 in order to study 
those linear combinations of Chern numbers which are dualization invariant, i.e. for all 
complex vector bundles E over some stably almost complex base the value of this linear 
combination on ¥{E) coincides with the value on ¥{E*). Let us therefore consider the 
ideal (Definition 14. ip generated by differences F{E) — ¥{E*) and denote its degree 
2n part by l2n- Then the Q- vector space of dualization invariant linear combinations of 
Chern numbers in complex dimension n is isomorphic to the dual space of {^2n/-^2n) ^ 'Q- 
By Theorem 14.11 this quotient is isomorphic to the dual space of the degree 2n part of 
Q[QIjQ2, Q3, Qi], where Qi has degree 2i. The isomorphism is induced by the V'-genus which 
can uniquely be written in the form 

il,...,i4>0 

where the Aj^^jj.ia.M'^ linear combinations of Chern numbers in complex dimension 

ii + 212 + 3*3 + 4^4 

and we observe that these coefficients of ip form a basis of the vector space of dualization 
invariant linear combinations of Chern numbers. 

In the remaining section we want to derive some concrete examples of pure Chern 
numbers which are dualization invariant. By the above discussion, a Chern number in 
complex dimension n is dualization invariant if and only if it vanishes on Q. By 
(|4.ip . the graded ideal (8) Q is generated by one element in each even degree > 10. 
Therefore, in complex dimension < 4 every Chern number is dualization invariant. As 
an example in complex dimension 5, let us consider the Chern numbers of the projective 
tangent and cotangent bundle of CP^ in Table [U calculated by D. Kotschick and S. Terzic 
in do]. 

Since (S" Q is one dimensional. Table [T] implies that in complex dimension 5 every 
difference F{E) - F{E*) is a multiple of F(TCP^) - F{T*CP^). Thus, the Chern numbers 
C5, C1C4, c^C3 and C2C3 are dualization invariant. This is true in a greater generality: 

Proposition 6.1. In complex dimension n, the Chern numbers Cn, cic„_i, cfc„_2 and 
C2Cn-2 are dualization invariant. 
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„5 
Cl 


CiC2 




C?C3 


C2C3 


C1C4 


C5 


p(rcp3) 


4500 


2148 


1028 


612 


292 


108 


12 


p(r*cp3) 


4860 


2268 


1068 


612 


292 


108 


12 



Table 1. The Chern numbers oiF{TCP^) and P(T*CP3), [lO]. 



Proof. We need to prove that the above Chern numbers vanish on the degree 2n part of 
1^ = kei^ip). We have seen in (15.21) that 

ker(V') = (75,76, •• •) 

holds. Here 7^ is a difference P(i?m) — B x CP™~^, where i? = is a triple product 
of an elliptic curve C and is a holomorphic rank m — 2 bundle over B. In 9^ the 
manifold B is zero, since its tangent bundle is complex trivial. Hence, we may think of 
7m as being equal to V{Em) and it suffices to prove that for m > 5 the Chern numbers 
mentioned in the Proposition vanish on any product M := P(£^m) x -W, where M' is some 
stably almost complex manifold in real dimension 2(n — m). By construction, M is a fiber 
bundle tt : M ^ B with fiber CP"^~^ x M' . Therefore, the tangent bundle of M splits 
into 7r*TB © Tvr, where Tvr denotes the tangent bundle along the fibers. Note that tt*TB 
is complex trivial, which implies that the total Chern class of M equals c{T'k). However, 
the complex rank of Tvr equals n — 3, such that Cj(M) = follows for i > n — 2> and we 
are done. □ 

7. Relations between f{E), ^{E*) and B x CP'^ 

In [6j F. Hirzebruch showed that for the projective tangent and cotangent bundle of a 
Calabi-Yau 3- fold B, the following identity holds in il^: 

F{TB) + F{T*B) = 2-B X CP^ . 

This observation motivates the question of detecting universal relations between the com- 
plex bordism classes P(£'), ¥{E*) and B x CP^. More precisely, we would like to determine 
the ideal defined as follows: 

Definition 7.1. Let {a,b,c) be a nontrivial triple of integers. We then define X^^ ^ to he 
the ideal in il^ which is generated by linear combinations 

a-F{E) + b-¥{E*) + c- B xCP'' , (7.1) 

where E and its dual bundle E* are complex rank k + 1 vector bundles over some stably 
almost complex base B. 

Consider (j7.ip and choose the base -B to be a point. This shows that for all /c > we 
have (a + b + c)- CP^ G ^(a,b,c)- For o + 6 + c 7^ this imphes I^^Ac) ^Q = ^* ^^Q- We 
will therefore restrict ourselves to the nontrivial case where a + b + c = holds. 

Note that by definition, the ideal from Definition 14. II is nothing but _^ There- 
fore, the question of determining the ideal is a generalization of the discussion in 
section HI Before we explain the result, we need the definition of the Xy-genus. For a 
stably almost complex manifold M with Chern roots xi, . . . ,Xn it is given by 

where y has weight and t is a variable of weight 2 which ensures that Xy is a graded Q- 
algebra homomorphism to Q[y, t], see |7i p. 61]. It turns out that the images si := Xy(C-P^) 
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and S2 '■= Xy(CP^) are algebraically independent in Q[y,t] and in fact generate the im- 
age of the Xy-genus rationally. Therefore, the Xy-genus can be regarded as a surjective 
homomorphism of graded Q-algebras: 

Xy-^*^Q^Q[S1,S2], (7.3) 

where si = Xy(CP"^) and S2 = Xj/(CP^) are formal variables in degrees 2 and 4. 

In this section, instead of the explicit definition (|7.2p of Xy, we will mainly use the fact 
that this genus is the universal one which is multiplicative in fiber bundles of stably almost 
complex manifolds with structure group a compact connected Lie group, see [8", p. 64]. 
Since the projectivization ¥{E) B of a complex rank k vector bundle has structure 
group PU{k, C), this result can be applied to projectivizations over stably almost complex 
manifolds B: 

XyiHE)) = XyiCP"-') ■ XyiB) . 
This implies that Xy vanishes on I^^ ^ whenever a + 6 + c = holds. 

In order to state this section's theorem, we denote the localization Z[l/n] of Z at a 
nontrivial element n G Z by 

Theorem 7.1. Let (a, b, c) be a nontrivial triple of integers with a + 6 + c = 0. 

(1) For c = the ^-genus induces an isomorphism 

{^*/I(i,-a,0))^^2a= ^2a[qi,q2,q3,qi\ . 

(2) For c 7^ the Xy-Q^nus induces an isomorphism 



Proof. If c = 0, then a = —b ^ 0, such that be) ~ ^ ' follows from the definitions 
and the first statement of Theorem 17.11 is nothing but tensoring Theorem 14.11 with . 
To prove the second statement, fix some triple (a, 6, c) with a + 6 + c = and c 7^ 0. 

Claim 7.1. There is a sequence of ring generators ei,e2,... of "^a+b, such that 

em G {, ^) holds for all m> 3. 

Proof. Because of SmiCP^) = m + 1, we may choose €m = CP™ for m = 1, 2 by Theorem 
12.11 For m > 2 we will construct em to be a certain linear combination of elements 
a • ¥{E) + b • F{E*) + c- Bx CP^, where P is a manifold in even complex dimension n < m. 
Since B x CP'^ is a proper product, its Thom-Milnor number vanishes. Moreover, Lemma 
] yields Sm{^{E)) = Sm{^{E*)) and we obtain: 

Sm (a ■ F{E) + b ■ F{E*) + c-Bx CP'^) = (a + 6) • s„(P(^)) . 



We define gcd(m) to be the greatest common divisor of all Thom-Milnor numbers Smi^iE)), 
where ¥{E) is a projectivization in real dimension 2m and the base is a manifold in even 
complex dimension n < m. Then by Theorem 12. 1|, in order to show that a basis sequence 
with the desired property exists, it is enough to show that for m > 3 the integer gcd(m) 
equals 1 if m -|- 1 is not a prime power and that it is equal to p if m -|- 1 is a power of the 
prime p. By the calculations of Example 12.11 in subsection \2.3\ we obtain: 

Claim 7.2. The number gcd{m) , defined above, is a divisor of 

i-iy-' ^) + (-1)*^ (""^^ 1^ + ^ _ n - 1 , (7.4) 

where n = ii + i2<m — 1 is even. 
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As m > 3, we may choose zi = i2 = 1 in Claim \T72\ so that the integer in ()7.4p equals 
— 2(m — 1) + m — 3 = — (m + 1) and we see that 

gcd(m) divides m + 1 . (7.5) 

For any natural number 1 < i < m/2 consider the two integers in ()7.4p . where (^1,^2) is 
one of the tuples or (z — l,z + 1) and n = 2i holds. Then by Claim \77I\ subtraction 
of both integers and multiplying the result with (—1)* shows that gcd(m) is a divisor of 

m — 1\ f m — 1\ f m — 1\ / m — 1 

Using the formula + ("^ ^) = (fc) twice shows that 

(m + 1\ 
. ^ ^ j for all 1 < i < m/2 . (7.6) 

Now ()7.5p and ()7.6p together with the symmetry of the binomial coefficients show that 
gcd(m) is a divisor of (™^^) for all 1 < j < m. Suppose that p is a prime divisor of gcd(m) 

and write m + 1 = • r for some integer r not divisible by p. Then (^p/) is not divisible 
by p, so that r = 1 follows. Moreover, (pf-i) is not divisible by p^ , which finally shows 
that gcd(m) = p holds, as desired. This completes the proof of Claim ITTl □ 

Since a+b+c = holds, it follows from the multiplicativity of the Xy-genus in CP^-fiber 
bundles that it vanishes on X^^ be) ^ '^a+b- Therefore, it follows from Claim 17.11 that Xy 
induces a map on the quotient 

^a+6[ei,e2] '^a+b[si,S2] ■ 

This is an isomorphism, since Xy niaps ei = CP^ and €2 = CP^ to si and S2- Thus: 
ker(xj/) = (€3, £4, . . .) C ;,^^) I^a+b- Since Xy vanishes on lH^^^c) "^a+b, we obtain 
ker(xj/) = be) ^ '^a+b, so that the second statement of Theorem 17.11 follows. □ 

In the introduction we defined the ideal in to be generated by differences 
E — B ■ F, where F ^ E ^ B ranges over all fiber bundles of stably almost complex 
manifolds with structure group a compact connected Lie group. As explained there, it was 
shown in the 1970's that the Xj/-genus induces an isomorphism (il^/A^^) (giQ = Q[si, S2]. 
We are now able to show that this is also true with integral coefficients: 

Corollary 7.1. The Xy-Qsnus induces the following isomorphism of graded rings: 

nl^/M"^ = Z[si,S2] . 

Proof Note that the complex bordism ring is torsion free and therefore a subring of the 
rational one. Thus, since Xy vanishes on Ai^ Q, it also vanishes on Ai'^ . Let us now 
think of Xy restricted to 0^. Then, choosing {a,b,c) = (1,0,-1) in Theorem 17.11 shows 
that the Xy-gsnus induces an isomorphism 

This shows that the kernel of the Xj/'genus equals q which by definition is a subideal 
of M-^ . Therefore, since Xy vanishes on Ai^ , we deduce X^^ ^ _-|^^ = which proves the 
Corollary. □ 

Remark 7.1. Corollary \ 7. 1\ says that on 0,^^ the Xy-^enus is a surjective ring homomor- 
phism Xy ■ "^[31,82] with kernel Ai^ . This shows that a remark of B. Totaro in 

\1'6\ p. 777] in which it is claimed that the image of the Xy-g^nus on is not finitely 
generated, is misstated. What was meant there was the twisted Xj/-5enus, rather than the 
usual one. 
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8. KrICHEVER-HOHN'S COMPLEX ELLIPTIC GENUS 

For some integral Q-algebra R and a quadruple q G R'^, the ^-genus of Definition 13.11 
induces an i?- valued genus ^{q) via the logarithm 

dt 

y/1 + qit + q2t^ + q3t^ + q^f^ ' 
Analyzing the Taylor expansion of the above integrand shows that g^{q) is an odd power se- 
ries if and only if gi = ^3 = holds. This means that '4>{q) is well defined for oriented man- 
ifolds if and only if qi and 53 vanish. If in this case additionally (72 and 54 are algebraically 
independent, then ip{q) is equivalent to Ochanine's elliptic genus (/?oc : f^f*^<SDQ — t- Q[5, e], 
see (|3.2|) . In this sense we may call our tp-ge\ms a complex version of Ochanine's elliptic 
genus (poc- Surprisingly, Krichever-Hohn's complex elliptic genus tfKH, studied in [S], [TT] 
and [IH], is also a complex version of (poc and this section's aim is to compare -0 with 
'Pkh- 

Krichever-Hohn's complex elliptic genus is a graded Q-algebra homomorphism 

^KH : Q Q[Pl,P2,P3,P4] , 

where pi up to p4 are formal variables in degrees 2, 4, 6 and 8. Its characteristic 
power series Qkh{x) = x ■ hxHix) is uniquely determined by the condition that r{x) := 
—h'j^^{x) /hxHix) satisfies, see [8J: 

r'(x)^ = r(x)^ +pir{xY' + p2r{x)'^ +p3r{x) + P4 . (8.1) 

For an arbitrary quadruple p = {pi,P2,P3,P4:) of an integral Q-algebra R, we denote the 
associated genus by tpKHip)- G. Hohn showed that ^kh{p) is equivalent to, see p, p. 39, 
44 and 64]: 

(1) Ochanine's elliptic genus if and only if pi,P3 vanish and P2,PA are algebraically 
independent. 

(2) the Xj/-genus if and only if P3,P4 vanish and pi,P2 are algebraically independent. 
Therefore, the Xj/-genus and Ochanine's elliptic genus (poc are genera which factor through 
ifKH- This is also true for ip: By definition of ^ it is clear that poc factors through ip. 
Moreover, since the Xy-genus is multiplicative in projectivizations ¥(E) of complex vector 
bundles S , it is dualization invariant and therefore factors through ^ by Theorem 14.21 

This section's result is that (poc and Xy are basically the only genera which factor 
through both, (pxH as well as ip: 

Proposition 8.1. Let R be an integral Q-algebra and ip an R-valued genus which factors 
through both tp and pkh ■ Then ip already factors through Xy or ipoc ■ 

An immediate consequence of this statement is the following: 

Corollary 8.1. The genera ip and (pxH CLf^ genuinely different. 

Before we prove the Proposition, we need to calculate the values of pkh on some 
complex projective spaces. 

Lemma 8.1. For Krichever-Hohn's complex elliptic genus (pxH , the following holds: 

ipKHiCP^) = \pi , 

Pkh{CP^) = ^pI + \p2 , 

PKHiCP^) = ^ (3p? + 12piP2 + Sps) , 

Pkh{CP^) = 7=^ {I5pi + 120pIp2 + 48pl + Udpips + 96^4) • 
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Proof. From [8] we deduce the following explicit formulas for the first four coefficients of 
the characteristic power series Qkh{x) = 1 + bix + h2x'^ + . . . : 

111 1 

^1 = ^Pi , b2 = —P2 , h = —p3 , bA = — {-pI + 3piP3 + 18p4) • 

The total Chern class of CP" equals (l+x)"+^ where x e H^{CP'') is a positive generator 
of the cohomology ring. Therefore, ^pKniCP^) equals the coefficient of x" in {Q k H {x))"'~^^ . 
Now an elementary calculation yields the stated result. □ 



Proof of Proposition \8.1[ The assumptions in the Proposition precisely mean that there 
are quadruples q = (91,92,93,94) and p = {pi,P2,P3,P4:) in R, such that the associated 
genera tpiq) and ^kh{p) both coincide with the genus ip. At the beginning of this section 
we explained that ipKuip) factorizes through Xy resp. ipoc if and only if p3 = and p4 = 
resp. pi = and = holds. Therefore, it remains to show that the piS satisfy one of 
these two conditions. 

First of all the values of ^'(9) and ^kh{p) on the complex projective spaces in dimensions 
< 4 must coincide, such that (j3.4p - (j3.7p together with Lemma [8 . 1 1 vield a concrete relation 
between the piS and qis: 



91 = -Pi , 

92 = ^ (3p? - 4p2) , 

93 = ^ (-3p? + I2pip2 - I6P3) , 

94 = ^ (3pf - 24pIp2 + 32pip3 + 48pi - 192p4) ■ 

Moreover, the characteristic power series Q^{x) = x • h^{x) and Qkh{x) = x ■ fiKuix) 
must coincide and we may write h{x) := h^{x) = hKuix)- Hence, r{x) := —h'{x)/h{x) is 
a solution of (|8.ip . where in addition h{x) is a solution of (|3.9p : 

h'{xf = h{xf + qih{xf + q2h{xf + q^hix) + q^ . (8.2) 

This equation yields for r(x) = —h'{x)/h{x): 

r{xf = h{xf + qih{x) + 92 + q^KxY^ + 94/i(a:)"^ . (8.3) 

We would like to put this into the right hand side of (|8.ip . Therefore, a little manipulation 
of (|8.ip is necessary, since we need to get rid of all odd powers of r{x) in (|8.ip . Indeed, we 
will use that (jS.ip implies: 



[r' [x)"^ — r{x)'^ — P2r{x)'^ — p/i) = {pir{x)^ + Pzr{x)) . (8.4) 

Moreover: 

, {h'{x)\' h{x)h"{x)-h'{xf 
r [x) — 



h{x) J h{xY 

Using (|8.2p . we can replace h'{x)^ as well as h"{x) in the above equation by a polynomial 
expression in h{x). If we put this result for r'{x) together with (|8.3p into (|8.4p . we get 
a relation of the form X]j=-8 ' ^(^)"' — 0' where the coefficients dj are polynomials in 
pi, . . . ,p4^. Because of h{x) = 1/x + 0(1), it follows that all these coefficients dj must 
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vanish. An elementary but tedious calculation yields for example: 

d_4 = ^44^3 ~^ ' (some polynomial in pi,P2,P3 and p^) , 

di = ^Pi (4pi - 18pip2P3 + "^^pIpa) , 

d2 = ^Pi {2p2P3 - 3piPa) ■ 

We now distinguish the cases pi ^ and pi = and use that the pi^s are elements in an 
integral Q-algebra R. First of all note that the above calculations imply di+|pid2 = ^PiPs- 
If pi 7^ 0, the vanishing of di and d2 therefore imply p^ = 0. Then d2 = shows that also 
P4 vanishes, i.e. if factors through tpoc- If Pi = 0, then the vanishing of (i_4 immediately 
yields ps = 0, i.e. ip factors through (poc- D 



9. The ^-expansion of ip 

In the past it turned out that the g-expansion of modular forms gives interesting insight 
into the geometric behaviour of elliptic genera. For instance, using this method one can 
show that on a complex manifold M Krichever-Hohn's complex elliptic genus equals the 
holomorphic Euler characteristic of a certain vector bundle, associated to the tangent 
bundle of M, see [SJ [TS]. This section's aim is to derive a similar result for the elliptic 
genus Ip from Definition 13.11 

To begin with, we need to give an alternative description of the characteristic power 
series of tp. Therefore, let us define Ak to be the C-vector space of meromorphic functions 
/ on M X such that: 

(Jl) /(r, w, z) is elliptic with respect to the lattice 27ri (Zr © Z) in and z. 

(J2) /(^,^,^)-(cr + d)-'= = /(r,«;,z)forall (^^ ^) eP5L(2,Z). 

Endowing elements in Ak with weight 2k turns the direct sum A^. := ®i^o ^^^^ ^ graded 
Q-algebra. (Elements in Ak which satisfy an additional regularity condition are so-called 
meromorphic Jacobi forms, cf. For now and the following, we write q = e^'^*'^, s = 
and y = —e^, and it follows from (Jl) that functions in A* in fact depend on q,s and 
y rather than r, w and z. The next (technical) Lemma is essential for the results in this 
section. 

Lemma 9.1. There is an injective homomorphism ^ : 'Q[qi,q2,Q3,Q4] A* of graded 
Q-algebras such that the characteristic power series of the genus £^oip is given by 



~ / (1 + y-ig'e^) (1 + W"^e-^) (l + f g'e^) (l + fg'-^e 
X- ^l{q,s,y)■\[ ( (1 _ ^igx) (1 _ ql-ie-^) (1 - s-^^e^) (1 - sq^'^e-^ 



where fi, not depending on x, is given by 



n f "7-v)(i-..--)(i-,-)- 

ti V (1 + (1 + U'-') (1 + y-W) (1 + yq'-') 



Proof. Let qi,q2,q3 and q^ be variables of degree 2,4,6 and 8, consider the polynomial 
P(t) =t^ + qit^ + q2t^ + qst + q^ and write P{t - qi/A) = + q2t^ + q^t + q^. In view of 
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Lemma [33} we define the homomorphism ^ : Q[<?i, (?2, 53, <?4] — ^ via 

^ _2 . p'{Lr,w) + 

^3 H> 4p'(L^,z) , 

g2{Lr) -2>p{Lr,zf , 

where L,- denotes the lattice 27ri(ZT©Z), p the WeierstraB p-function and g2{L) is the 
second modular invariant of the elliptic curve C/L. By standard facts about elliptic 
functions and modular forms, the homomorphism ^ is well-defined and the images of gi, 
g2, (73 and are algebraically independent over Q. Thus, ^ is injective. 

Claim 9.1. The characteristic power series of ^oip is given by x ■ h{x), where 

^ air,x-w)a{r,x + w-zMr,-z) 
(j[T, x)a[T, X — z)a[T, w — z)a[T, —w) 

Here C7(r, — ) denotes the WeierstrajJ a-function with respect to the lattice L-r- 

Proof. As (j9.2p is an identity of power series with coefficients in A^., it is enough to show 
that this identity holds for all (r, w, z) in a dense subset y C M x C^. By Lemma 13.21 the 
characteristic power series oi ijj equals x ■ h{x), where h{x) = 1/x + 0{1) satisfies 

h'ixf = h{xf + i{qi)h{xf + i{q2)h{xf + ^QsM^) + ^Q^) ■ 

However, the definition of ^ is cooked up in such a way that Lemma [3.31 and [3.41 state that 
()9.2p is true for all (r, w, z) where the complex polynomial 

+ w, z)-t^ + efe)(r, w, z)-t^ + i{qz){T, w,z)-t + i{qi){T, w, z) 

has non- vanishing discriminant. Those (r, 1/7,2;) clearly form a dense subset 1/ C M x 
and we are done. □ 



To finish the proof of the Lemma, it remains to see that the function in (j9.2p has the 
claimed g-expansion. Similarly to Appendix I in [7] we therefore define 

$(t, x) := W-^'-^/V(r, x) , (9.3) 

where G2 is the Eisenstein series of weight 2. Our definition differs from by a factor 
g-a;/2_ 'jij^yg^ according to [I, p. 145]: 

(1 - q'e^) (1 - q'-'e-^) , , 



An elementary calculation using ()9.3p shows: 

0"(r, X — w)a{T, X + w — z)a{T, —z) <I>(r, x — tt;)<I>(r, x + w — z)(^{t, —z) 



a{T, x)a{T, X — z)a{T, w — z)a{T, —w) <I>(t, x)^{t, x — z)<I>(t, w — z)^{t, —w) 
Thus, Lemma l9JJ follows from (19.411 and Claim [9lll □ 



For the following two subsections, since ^ of Lemma |9. II is injective, we may identify ijj 
with the genus ^ o ip : 0^ (X" Q — )• im{^). The characteristic power series of ip, given by 
Lemma [9. 1[ has no pole in g = 0, i.e. V has values in Q((s, y))[[Q']], the ring of power series 
in q whose coefficients are Laurent series over Q in s and y. (Note that elements in the 
image of i/" are still graded via condition (J2).) 
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9.1. The degenerate ^/^-genus. Sending g to induces a Q-algebra homomorphism : 
Q((s, ?/))[[(/]] —5- Q((s, y)). It follows directly from Lemma [9TT] that the characteristic power 
series of C o V' equals x ■ h^oipix) with 

(1 + ye--) (l + fe-) {1 - s) 

ho^{x) = ^ % ^ . . (9.5) 

(l-e-)(l-se-) (l + fj (1 + y) 

For fixed r S H, the function in ()9.2p is an elliptic function. In the limit of degenerate 
lattices, i.e. r — )• i • oo, this elliptic function degenerates to (|9.5p . Note that this power 
series has coefficients in Q(s,y), the ring of rational functions in s and y. As we lose the 
grading under the map C,^ we modify C ° V' slightly: 

Definition 9.1. The degenerate ip-genus 

V^'^^s (^Q^Q{s,y)[t] 

is defined via M i— t- {C ° ip) i^) " ^"j where M has real dimension 2n. Thereby s and y 
have degree and t is a variable of degree 2. 

We already explained in section [8] that the Xygenus is dualization invariant and by 
Theorem 14.21 factors through ip. At this point we obtain this result in a more explicit way 
and see that it even factors through the degenerate V'-genus. 

Proposition 9.1. The Xy - 9 ^nus factors through the degenerate tp-genus ip'^'^^ . 

Proof. It follows from (|9.5|) that for any manifold M the rational function ip'^'^^{M) has 
no pole in s = 0. Therefore, s i— )• and t i— )• (1 + y)t induces a ring homomorphism 
7] : im{tp'^''3) ^ Q(y)[t]. For some stably almost complex manifold M in real dimension 
2n with Chern roots xi, . . . , x^, we then have: 

where we used the definition of the Xy-genus given in ()7.2p . Thus: r/ o = Xy □ 

Remark 9.1. Composing ip'^^^ with the map s i— )• —1, y ^ 0, t 1/4 shows that the 
A-genus also factors through ip'^'^^ . This result is parallel to an observation of G. Hohn 
in |8j, who showed that the Xy-ysnus as well as the A-genus factor through the degenerate 
version of Krichever-Hohn's complex elliptic genus, see also \18\ pp. 787-790]. 

9.2. The ^-genus equals a holomorphic Euler characteristic. For a complex vector 
bundle E of rank k we define the following polynomial respectively power series in x, whose 
coefficients are certain exterior respectively symmetric powers of the bundle E: 

k oo 

A,{E):=^A'E-x' , S,{E) := ^ S'E ■ x' . (9.6) 

i=0 1=0 

With this notation, we define for every complex manifold M with holomorphic tangent 
bundle TM the Laurent series 

oo 

e(M) := (g) (^Ay-igiTM CS> Aygi-,T*M A^giTM ® A^gi-iT*M 
1=1 " ^ 

(^SgiTM SgiT*M S,-igiTM (g, S^gi-iT*M) . 

Staring at this definition, one sees that B(M) can be written in the form 

oo 

e(M) = Yl ^i-i.^ • ''y'l' ' (s-"^) 

1=0 i,j G Z 
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where every Eijj is a finite expression in some exterior and symmetric powers of the 
tangent and cotangent bundle of M. If M is a complex manifold, then these coefficients 
are holomorphic vector bundles and for such a bundle E ^ M we define the holomorphic 
Euler characteristic xi^iE) of E in sheaf cohomology via ^•(— l)*i?*(M, E'). Moreover, 
we define the holomorphic Euler characteristic of 0(M) coefficient-wise: 

oo 

x{M, e(M)) ■=Y. J2 ^ ^^.i.') ■ ''y'^' ■ 

1=0 i,j e z 

We will see in the following Proposition that this Euler characteristic basically equals to 
the V'-genus of Definition 13.11 

Proposition 9.2. For a complex n-manifold M , the ifj-genus equals 

ij{M)=fi{q,s,yr-x{M,Q{M)) , 

where fi{q,s,y) G Q(('S, ?/))[[(/]], defined in Lemma \9.1\ depends not on M. 

Proof. Let us fix a complex n-manifold M with Chern roots wi , . . . , Wn and consider some 
holomorphic vector bundle E ^ M with Chern roots xi, . . . , Xfc. Then, by the Hirzebruch- 
Riemann-Roch Theorem, the holomorphic Euler characteristic of E is given by 



X(M, E)= j td(M) • ch(^) 

JM 



where td(M) = HILi is the Todd class of M and ch(^) = Ya=i e"'" the Chern 

character of E. For another complex vector bundle F — )■ M, the Chern character is 
additive: ch.{E®F) = ch(£') + ch(F), and multiplicative: c\i{E®F) = ch(£') •ch(F). For a 
Laurent series whose coefficients are complex vector bundles, we define the Chern character 
coefficient-wise and it is clear that it is also additive and multiplicative in these series. By 
this definition and the Hirzebruch-Riemann-Roch Theorem, the following remains to be 
proved: 

^1}{M) = n{q, s, y)" • [ td(M) • ch(e(M)) . (9.8) 
Jm 

By [3 pp. 11-12], the Chern characters of the bundles defined in ()9.6p are given by 
ch{A,{E))=ri{l + x-e^^) and di{S,{E)) = T[- 

i=l i=l 

Therefore, the right hand side of (|9.8p equals: 

n 



KQ,s,yr- / n 



1 



i=l 

°o (l + y-ig'e"'') (l + yq^-^e'""*) (l + f g'e"'" 



n 




(1 - g'e"'0 (1 - g'e-'"') (1 - s'^q^e'^^) (1 - sq^-'^e 

By Lemma |9. 11 this shows that the identity in (|9.8p indeed holds true. □ 

An immediate consequence of the above Proposition and the definition of i/j'^^s in Defi- 
nition [9T] is: 

Corollary 9.1. The degenerate ip-genus of a complex n-manifold M is given by: 

il,'^^9{M) = ( , ^ • X , A«T*M ® ks_T*M ® SsT*m) ■ T . 

\{y + s}{l+y)J V y J 
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